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Fourier Series 


Lecture #12 


e Midterm exam will be held on Wednesday 9 
March 2011 at Auditorium Room from 06.45 — 
08.00 pm. 

e First order, second order, higher order, Laplace 
transform and power series. 
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Introduction 


Another type of series expansions for functions that 
can be helpful in computing solutions 
of DE is the Fourier series expansion. 


Fourier series are in a certain sense more universal than 
the familiar Taylor series in calculus because many 
discontinuous periodic functions of practical interest 
can be developed in Fourier series but, of course, do 
not have Taylor series representations. 


Introduction 


Fourier series are infinite series designed to represent 
general periodic functions in term of simple ones: namely 
cosines and sinus. Thus, In general a function that has a 
Fourier series expansion will have to be periodic. 


A function f(x) defined for all real x is called periodic if 
there is some positive number p such that: 


Periodic functions > footp fey | 
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Periodic function 


Pa AA AAA 


COS X cos 2X cos 3x 





SIN Xx sin 2X sin 3x 


Cosine and sine functions are periodic 


Fourier Series 
-Definition- 


Any periodic function f(x) of period 27 can be 
represented by a trigonometric series: 


f(x) = > (a, cosnx +b, sin nx) 
n=(0 


OT 


f(x)=a,t+ » (4, cosmx+b_ sinnx) 


n=l 
We call this equation as the Fourier series of f(x). 


We will see the determination of Fourier coefficients of 
f(x): apy, a, and b.. 


Fourier Series 


To determine ay, we integrate both sides from —z to 7. 


[fax = | a ie y (a, cosnx +b, sin nf 
—1 —7 n=| 
= [ays s 4 [cos nx dx +b [sin nx is 
oat” hea 


| f (x)dx =27, 


‘= 35 Lfeas 


Fourier Series 


To determine a,, we multiply by cos(mx) and integrate 
both from —1 to 7. 


| f (x) cosmx dx = | a + » (a, cosnx +b sin ns) cos mx dx 


= | a, CoS mx ax + | | a, (cosnx cosmx dx) + | b (sin nx cosmx 0) 


\ 9 \ =a, 1 \ =() 
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| f(@) COS MX AX =A, 70 a= s | f@) cos(nx)dx Note: m=n 
a i 
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Fourier Series 


To determine 5, we multiply by sin(mx) and integrate 
both from —z to 7. 


| f(@) sin mx dx = | a + » (a, cosnx+b, sin ns) sin mx dx 


= | a, sin mx dx + » | | a, (cos nx sin mx dx) + | 5 (sin nx sin mx 0) 


- \ =() _ \ —() - \ =b , TU 


|s (x) sin mx dx =, 7 b= = | f (x)sin(nx) dx Note: m=n 
4 4b 
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Fourier Series 


For functions having period of 27, the Fourier series 1s: 
f(x)=a,+ » (a, cosnx +b, sinnx) 
n=| 
a. = | ft (x)dx 
° 27 = 


| Tt 
= | (x) cos(nx) dx n=1,2,3,..... 
HA *, 


b = | f(x) sin(nx) dy id ee ee 
a oi 


Fourier Series: Summary 


The functions considered have period of 27, for simplicity of the 
formulas. In general, it can be applied to a function f(x) of period 


p=2L, then: 
A 


f(a=a,+ (a, cos +b, sin - x) 


n=l 


a, = rae 


] : NIT 
a — __ x COS xX dx n=1,2,3,..... 
— | f(x) c0s(——x) 


1 * NI 
6b =— x) sin(—— x) dx =] ,2,3,..... 
rarA )sin(——x) n 


Even and Odd functions 


-Definition- 
A function g(x) 1s even If: 2(—x)=2(x) 
A function /(x) 1s odd 1f: h(—x)=—h(x) 


Example: 


sin(nx) > odd function 


























Even and Odd functions 


Example: cos(nx) > even function 




















Example: 





Even function Odd function 


Even and Odd functions 


-Some key facts- 


L L 
1. If g(x) is even function: | 2(x)dx =2| 2(x)dx 
a 0 


L 
2. If h(x) is odd function: | h(x)dx =0 
—L 


3. The product of an even and odd function 1s odd. 


Proot: 
Let:  g=g2(x).h(x) 
q(-x) =g(-x).N(-x) =g(X).-A(X) =-g (x). A(X) =-q(X) 


Fourier Series of Even and Odd functions 


Let’s see the Fourier series coefficients a,, a, and b_: 
It f(x) 1s even then f(x).sin(..) 1s odd. It implies b,=0. 


Similarly, f(x) 1s odd then f(x).cos(..) is odd. It implies ay=0 
and a,=0. 
Note that: 


| L 
nes | J (x)ax sin(..) is odd. 
cos(..) 1S even. 


th rf f(x) cos(—— x) dx 


b = al f(x) sin(— x) dx 


Fourier Cosine Series and Sine Series 


Theorem 


The Fourier series of an even function of period 2L is a **Fourier cosine series” 


| | a NT | 
(1) f(X) = dg + z (l, COS 7 mn (f even) 


nL 
with coefficients (note: integration from 0 to L only!) 
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i f(x) cos 
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2 
— ax. n=1,2,-°:. 
bL , 


|” 
(2) dy = 7 \y (x) dX, a, = 
 *. 


Fourier Cosine Series and Sine Series 


Theorem 


The Fourier series of an odd function of period 2L is a “Fourier sine series” 
Oo 
mF ‘ Ni om 
(3) fa) = & b, sin — x (f odd) 
| L 
n=1 
with coefficients 


(4) by = 


Example |: 


Find the Fourier coefficients of the periodic function f(x) 
shown below. 


f(x) 


—- 
ro={) if O<x<7 
and = F(X + 277) = f(x) 


Example 2: 


Find the Fourier series of the periodic function f(x) shown 
below. 

O if —2<x<-]l 
f(x)=4 k if  —-l<x<l 

0 if l<x<2 


Example 3: 
Express f(x) in a Fourier series: 


fy)=xta for —m<x< 72 


and given that f(x+27)=f(x) 


Example 4: Half-range Expansions 


A half-range (half period) of a function is defined below. 


Find its Fourier Sine series and Fourier Cosine series which 
represent respectively odd periodic extension and even periodic 
extension of the function. 





FO=) 54 





(b) Odd extension 
Periodic extensions of f(x) in Example 4 


Both extensions have period 2L. 


Example 4: solution 


(a). Fourier cosine series coefficients 





k 

Ak NIT 
a = 2cos— —cosnz-—| 
= 3 Roos; 
P2093 ree 


Exercise: 


1. A period of function f(x) shown is defined over an interval -2<x<2. 





(a) Define f(x) based on the graph and determine whether f(x) 1s even function, 
odd function or neither? 
(b) Express f(x) in a Fourier series. 


2. Determine whether the given function is odd or even function and find its 
Fourier series. 2 
x 
ee for -7<x<7Z 


